This paper aims to generalize Artin's ideas in [Art25] to establish an one-to-one correspondence between the orbit braid group B orb n (C, Zp) and a quotient of a group formed by some particular homeomorphisms of a punctured plane. First, we find a faithful representation of B orb n (C, Zp) in a finite generated group whose generators are corresponding to generators of fundamental group of the punctured plane, by examining the representation from B orb n (C × , Zp) to the fundamental group is faithful. Next we investigate some characterizations of orbit braid representation to get our conclusion.
Definition 0.1. R pn is a group with generators x ij , 0 ≤ i ≤ p − 1 , 0 ≤ j ≤ n − 1, and presentation given by
x 00 , x 01 , · · · x p−1,n−1 |(
where Q pn is the set of n points located at (1, 1), (2, 2) · · · (n, n) and their orbits under Z p in the interior of 2-ball D 2 , and G-homeomorphisems are identity on the ∂D 2 , and < ρ R (b p ) > is generated by a Ghomeomorphisem which fixes outside B 5 3 (0, 0) and is 2π rotation within B 4 3 (0, 0). Then M orb n ∼ = ρ R (B orb n (C, Z p )) ∼ = B orb n (C, Z p ). In fact, x ij in Definition 1 is a basis of π 1 (D 2 \ Q pn ) generated by a loop enclosing q ij ∈ Q pn , with the base point (0, 0). Lemma 0.3. ρ R is well defined.
Proof. Verify ρ R (b p ) = ρ R (e), whenever 0 ≤ i, j ≤ p − 1, j = 0 :
Lemma 0.4. ρ R is faithful.
Proof. We first consider B orb n (C × , Z p ) which has the same generators as B orb n (C, Z p ). Let F pn be a free group with the same generators of R pn , and ρ F : B orb n (C × , Z p ) → F pn just as what ρ R does. Our aim is to prove that ρ F is faithful firstly and then ρ R . [LLL19] has proved that
where c ∈ AutF pn subjects to c(x ij ) = x i+1( mod p),j . Now we have two short exact rows and they form a commutative diagram
By Five Lemma we just need to check that ρ F | Pn(C × ,Zp) is monomorphism.
With the idea that the central point should be regarded as a fixed vertical string, We could easily see that the group P n (C × , Z p ) has generators in Figure 1
According to [LLL19] , there is an isomorphism l n : P n (C × , Z p ) → π 1 (F Zp (C × , n), x). Let F m Zp ⊂ C be a set of fixed distinguished m points and their orbits.
The projection π n−1 n is a fibration with fiber F n−1 Zp C × , whose proof is similar to [FN62] . Now we have a commutative diagram
where the rows are exact, and π 1 (F n−1
Just shift the loop of A 0rk down through the loop of A i(qj) , during which the initial point and end point of the first loop is maintained so that it can always been presented as composition of A 0ab and A 0 . Than we just reduce the loops of A i(qj) and A −1 i(qj) to identity. For example, A 1 A 001 = (A 0 A 001 A −1 0 )A 1 . Other cases could be sorted and handled by induction. As a result, every element a ∈ P n (C × , Z p ) can be represented uniquely as the normal form a = a 2 · · · a n with a j ∈ U j (C × , Z p ).
We have seen that P n (C × , Z p ) acts by conjugation as a group of automorphisms of U n+1 (C × , Z p ). The automorphisms of fundamental groups could be regarded as the transformations of the loops of U n+1 (C × , Z p ), as the same fashion discussed above. Thus if we define f :
, f (A 0 ) = 0, the conjugate action would make the following diagram commutative:
Because the image of c leaves A 0 constant, we conclude that kerρ F | Pn(C × ,Zp) is the subgroup of elements in P n (C × , Z p ) which commute with U n+1 (C × , Z p ). Assume that there is an element a ∈ kerρ F | Pn(C × ,Zp) such that a = a 2 · · · a i . Then a i commute with A 00i . Let π = b 0 b 1 · · · b i−1 . We have
However, πa i π −1 is in U n+1 (C × , Z p ). It must be A l 001 since it commutes with A 001 . Then a i = π −1 A l 001 π = A l 00i , which is a contradiction. Now we consider ρ R . If β ∈ B orb n (C, Z p ) and ρ R (β) = id, and β is the corresponding element in B orb n (C × , Z p ), then ρ F (β )(x ij ) = A ij x µij A −1 ij must be x ij in R pn . Because when the relation of R pn is reduced, the odevity of words is kept, µ ij must be ij. If j > 0, A ij must be multiple of ( x k mod p,0 ). Thus A i0 must be 1.
Note that
Thus A ij would contain the same number of (
Lemma 0.5. If ρ ∈ AutR pn \ {id Rpn }: (1)could be described as a simplest form:
where (i, j) → µ ij is a permutation, and (2)
where c ∈ AutR pn subjects to c(x ij ) = x i+1( mod p),j . Then either (a) there is a pair (i, j) such that
is the pair following (i, j) in the order of (2.2.1).
Remark 0.6. These three conditions are from the geometrical perspective. Every homeomorphisms on the disk would introduce the homomorphisms of fundamental group with the form of condition(1).
x ij ) is a loop starts at (0, 0) and encloses all the points and then return to (0, 0). Every ρ R (b k ) would leave this loop fixed and ρ R (b) would make it be a conjugation. Thus we have condition(2).
Every G-homomorphisms under Z p -action would lead to condition(3).
Proof. We have
x ij ) = x 0,n−1 x 0,n−2 · · · x p−1,0
We move x µ0,n−1 from the right to the left:
( ) x −1 0,n−1 (A −1 A 0,n−1 x µ0,n−1 A −1 0,n−1 A) · · · (A −1 A p−1,0 x µp−1,0 A −1 p−1,0 A) = x 0,n−2 · · · x p−1,0 The x −1 0,n−1 must be absorbed. Since there is equal amount(could be negtive) of x 0,n−1 before and after each x ij in each parenthesis, the x −1 0,n−1 must be "transferred" alone these parentheses and eventually absorbed by a x µij that is x 0,n−1 . Suppose x µ0,n−1 is x 0,n−1 , then the transfer progress should be ended in the first parenthesis, because if A −1 A 0,n−1 has a multiple of x 0,n−1 , then so is A −1 0,n−1 A, which elements in subsequent parenthesis could not absorb. Thus x −1 0,n−1 would commute with A −1 A 0,n−1 , and is absorbed by x µ0,n−1 .Therefore
x k mod p,0 ). Now we move the x 0,n−2 from the right to the left. Eventually we would be in two cases: (i)The process depicted above can be done till the end. Every A −1 A ij x µij A −1 ij A is equal to x ij . Then x µij is x ij , and each A −1 A ij could be reduce to identity. By (2.3.1) , A and A ij are both identity. Thus ρ is identity, which contradicts what we'd assumed.
(ii) If it's not case(i), we can always assume that x µ0,n−2 is x 0,n−1 in ( ). Since x µ0,n−1 is not x 0,n−1 , we have two ways to reduce x 0,n−1 : either x µ0,n−1 A −1 0,n−1 A is absorbed by A −1 A 0,n−2 , which implies (a) is true; or there is exactly one x 0,n−1 in A −1 A 0,n−1 which can absorb x −1 0,n−1 , such that x −1 0,n−1 could "jump over" x µ0,n−1 , then reduce x µ0,n−2 . This means (b) is true.
Lemma 0.7. Under the conditions and notations of Lemma 2, if ρ satisfies Lemma 2(a),
and if ρ satisfies Lemma 2(b),
where l is length function, i.e., l(ρ) = i,j (minimum letter lengths of the words A ij x µij A −1 ij ).
Proof. Case(a-i): There is a j such that x µij A −1 ij could be absorbed by A i,j−1 , which means A i,j−1 = A ij x −1 µij B i,j−1 for any 0 ≤ i ≤ p − 1 by Lemma 2 Condition(3). We have
Since (2.3.1) , letter length of A i0 x µi0 A −1 i0 is equal to A i+1,0 x µi+1,0 A −1 i+1,0 . Thus we have l(ρ•ρ R (b −1 )) < l(ρ).
Case(b) is similar to the discussion above.
Theorem 0.8. ρ ∈ AutR pn subjects to (2.1.1), (2.2.1), (2.3.1) and (2.3.2) if and only if ∃ σ ∈ B orb n (C, Z p ) such that ρ is an element of the equivalent class ρ R (σ).
Proof. "If": We have discussed in Remark 0.6 . "Only if": If l(ρ) = pn, then ρ = id Rpn ∈ ρ R (e). Otherwise by Lemma 0.5 and Lemma 0.7 we have a σ ∈ B orb n (C, Z p ) such that l(ρ • ρ R (σ)) < l(ρ). By induction we can render ρ as a product of elements from Im(ρ R ). Thus the conclusion follows.
Proof of 0.2 : Due to the discussion of Remark 0.6 , we have a map M orb n → ρ R (B orb n (C, Z p )). Obviously it is a well defined homomorphism. It is a monomorphism exactly as the proof of Lemma 0.4 .
On the other hand, we can realize ρ R (b) by a Z p -homeomorphism which fixes outside B 5 3 (0, 0) and is 2π p rotation within B 4 3 (0, 0). And we realize ρ F (b k ) by a Z p -homeomorphism which interchanges q ik and q i,k+1 and fixes outside those little disks which include them. Therefore ρ R (B orb n (C, Z p )) ⊂ M orb n .
